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A METHOD FOR ESTIMATING SOME LONGITUDINAL
AND LATERAL RIGID-BODY RESPONSES OF AIRPLANES
TO CONTINUOUS ATMOSPHERIC TURBULENCE

By Ellwood L. Peele
Langley Research Center

SUMMARY

A method is presented for estimating some lateral and longitudinal rigid-body
responses of airplanes to random atmospheric turbulence. Estimates of center-of -
gravity load factors and motion responses can be made simply and easily through the
use of parametric charts. Sample calculations are given to illustrate the method.

INTRODUCTION

The degree of analytical refinement required in predicting responses (motions,
loads, stresses, etc.) of airplanes to atmospheric turbulence depends to a large extent
on their size and flexibility. A detailed analysis of the responses of large transport-
type airplanes may employ many degrees of freedom for various flight conditions. In
order to obtain timely results, the extensive numerical computations prescribed neces-
sitate the use of large-capacity high-speed computer facilities. Otherwise, the response
of the comparatively small and rigid executive transports or even first estimates of the
response of large transports may be sufficiently described without including the many
degrees of freedom associated with dynamic elastic deformation. With this in mind, an
investigation was undertaken to develop a simplified procedure for estimating turbulence
responses, aimed primarily at small rigid airplanes, that is, airplanes with lowest
elastic frequencies three to five times higher than the rigid-body short-period or Dutch
roll frequencies.

This study is an extension of the methods reported in references 1 to 4. Refer-
ence 1 utilizes a chart with which the root-mean-square value of the normal acceleration
of a rigid airplane responding only in plunge (motion in a direction normal to a longi-
tudinal reference axis of the airplane) to the vertical component of turbulence can easily
and quickly be obtained. In reference 2, the longitudinal response in pitch and plunge of a
small rigid airplane is investigated and parametric charts are presented for making
estimates of the effects of the stability characteristics on airplane response statistics.



Reference 3 summarizes early work for both the description of the atmospheric input as
well as methods for predicting the airplane response to this input.

The present paper extends reference 2 to cover both uncoupled lateral and longi-
tudinal responses. Some of the results of the analysis reported herein have been pre-
viously published in reference 4. The present paper, however, presents a more detailed
treatment of the response integrals and the choice of the unsteady lift function is
employed. In the analysis, the lateral and longitudinal responses due to independently
applied lateral and vertical gust forces are described in terms of two-degree-of -freedom
systems. A number of the responses can be expressed in terms of certain definite
integrals, herein referred to as response integrals, that appear in both the lateral and
longitudinal formulas. As a result of this generality, numerical values of the integrals
can be presented in chart form, thereby reducing future analyses to reading values of
integrals from charts and entering these values into an appropriate response formula.
The charts are similar to those of reference 2 but have been reformulated, mainly by
rearrangement of terms in the response equations, to reduce the number of independent

parameters upon which they are based.

The basic concepts of the application of random process theory to response calcu-
lations are reviewed. The theory is applied, in outline form, to the derivation of a
normal-load -factor response formula. The derivation serves to define the generalized
response integrals. Additional formulas based on these integrals are given for pitch
rate, pitch accelerations, the lateral-load factor, yaw angle, and yaw rate. Parametric
charts of the associated integrals are discussed and sample calculations are presented
to illustrate chart usage. Accuracy of response calculations to variations of the stability
derivatives is investigated. Detailed derivatives of the various response formulas are
given in appendix A. An alternate form for the approximation to the classical unsteady
lift function used in preparing the charts is discussed in appendix B.

SYMBOLS
A airplane-response parameter relating root-mean-square input and output
values (subscript refers to response gquantity)
AR aspect ratio
a unsteady lift-force attenuation factor (see table IV)
b wing span



Lift

C lift coefficient
L 1 ng, lpUZS
2
Cm pitching-moment coefficient, Pitching moment
Lyu2se
5P
Cn yawing -moment coefficient, YaWiilg -moment
ZpU28b
2
Cy side-force coefficient, %‘?—m
—pUZS
2
c wing mean aerodynamic chord
e exponential function, 2.718. . .
g acceleration due to gravity
H(w) frequency-response function (subscript refers to response quantity and super-
script refers to input force)
IYY mass moment of inertia about lateral axis
1,7 mass moment of inertia about vertical axis
i= \l -1
K duced f cw
reduced frequency, >0

60.)0
ko undamped natural reduced frequency, il
L scale of turbulence
M pitching moment
m airplane mass
N yawing moment



N( ),Ny( ) average number of peaks per unit time which exceed a given level of response

An

R(7)

and average number of zero crossings per unit time with positive slope
(symbol in parenthesis refers to response quantity)

center-of -gravity normal-load factor

pitch velocity, 6

autocorrelation function of quantity designated by subscript
response integrals defined in test (j = 0,2,4,6)

yaw velocity, zp

radius of gyration about pitch axis

radius of gyration about yaw axis

wing area

2L

relative gust scale, =
general time limit

time

airplane speed

perturbation velocity along y-axis

lateral component of turbulence velocities
perturbation velocity of airplane along z-axis
vertical component of true turbulence velocities

Fourier transform of a quantity designated by subscript

longitudinal axis (fig. 7)



side force
lateral axis (fig. 7)
absolute lateral acceleration
vertical-force stability derivative
vertical stability axis (fig. 7)
absolute vertical acceleration
angle of attack, =¥
U
. . .V
angle of sideslip, *T
- w
frequency ratio, U(i
dimensionless damping parameter
dimensionless damping parameter for short period
dimensionless damping parameter for Dutch roll
damping ratio
damping ratio for short period
damping ratio for Dutch roll
multiplier (eq. (4))
mass parameter (table II)

angle of pitch

sweep back angle of quarter-chord line of lifting surface, degrees

mass density of air



o root-mean-square value of function designated by subscript
T time displacement, argument of autocorrelation function
&(w) power spectral density of function designated by subscript

o(k),p(w) unsteady lift function

b unsteady side-force function

Y angle of yaw

ybs angle of yaw at zero frequency

w circular frequency

w( undamped natural circular frequency

Mathematical conventions:

first derivative with respect to time

second derivative with réspect to time
l , absolute value of quantity
[ ] rectangular matrix
{ } column matrix

Dimensionless stability derivatives of airplane are indicated by subscript notation;

for example

oC

Stability derivatives of airplane are indicated by subscript notation; for example

8N Y/
TE T
9\ oW T



STATISTICAL DESCRIPTION OF ATRPLANE RESPONSE

A discussion of the evolution of gust design procedures, description of the turbu-
lence, and response calculation methods as applied to airplanes can be traced by means
of references 3 to 7. Since this paper involves an application of the concept of continuous
random turbulence, the earlier concepts of the discrete gust are not discussed. In order
to provide a foundation for the response calculations, the basic relationships of random
process theory as used in the study of continuous turbulence are given a brief definitive
treatment herein.

An airplane, upon encountering turbulence, will experience disturbances from its
flight path. These disturbances give rise to changes in the center-of -gravity normal-
load factor An. Since turbulence is considered to be a stationary Gaussian function of
time, the airplane response (assuming a linear system) will have the same character-
istics. Consequently, both the input gust and the response can be described only in a
statistical sense.

Basic Relations

Current methods for determining a design level of the response involve either the
concept of the expected exceedances of various response levels or the concept of a most
probable maximum level of response. The latter is analogous to the discrete gust
approach.

The normal-load-factor response to a vertical-gust input is used herein to illustrate
the basic relations involved. Nevertheless, the method is applicable to other responses
as well.

Expected exceedances.- An expression for the expected number of times per unit

time that the normal-load factor will exceed a given value An is given as (see ref. 5)

2 2
-An4/ 20,

N(An) = Ng(An)e 1)

where Ng(An) is the expected number of positive-slope zero crossings per unit time
and 0p, isthe root-mean-square value of the gust-induced normal-load-factor
increment.

The parameter Ny(An) is given by (ref. 8 where Ng is called VO+)

.

1 "An
Nn(An) = = =12 9
ofan) 27 9An @

where (T-An is the root-mean-square value of the time rate of change of the normal-load



factor. The response of the airplane is characterized (ref. 5) by a factor A An Which is
the ratio of the root-mean-square value of the response to the root-mean-square value of
the gust input (in this case the vertical-gust velocity Wg)

- o

An Ow

g
Maximum -response level.- In another method, a quantity oy, g"d is specified in
which oy, is a root-mean-square gust intensity and 4 is some predetermined multi-
plier. (Se% ref. 3.) The design level of the response is thus found from the formula

Afdesign = AAnndOWg 4)

It follows then that statistical analysis of the airplane response fo continuous turbulence
is based on a knowledge of A or both A and Ng for all possible flight conditions and
airplane configurations.

In the following sections, the relationships of the root-mean-square quantities
Oap and o, N to the output power spectrum and, in turn, the output spectrum to the
response time history is discussed and expressions are given for A and Nj.

Root Mean Square and Power Spectra

The root-mean-square value of the normal-load-factor increment o, (appearing
in (egs. (1) to (3)) is given in terms of a power-spectral-density function @An(w) as

(ref. 5)
- o 1/2
OAn = go @An(w) dw:| (5)
Similarly, the root-mean-square value of the time rate of change of An is (see ref. 8)
- oo " 1/2
. o= w®, (w)dw
%in= Yy ©*an@ ] ©)

The power-spectral-density function & An(w) is in turn related to the random function
An(t) through the Fourier transform of the autocorrelation function (ref. 3)

@An(w) = N RAn('r)e'in dr )]

-00

where the autocorrelation function is

1 (T
Ryy(r) = lim ﬁS‘-T An(t) An(t + 7) dt (8)



An alternate power-spectral-density function is obtained from the Fourier transform of
the response time history

@pp(®@) = lim ﬁ,fXAn(w) Xap(-w) (9)
where
Xpap@) = ‘Y An(t)e 1t gt (10)

and Xpapn(-w) is the complex conjugate.

Either equation (7) or (9) may be employed to obt\ain dJAn(w) when time histories
of the normal-load factor are available, such as from flight test measurements. In theo-
retical studies, however, the output power-spectral-density function & A n(w) is obtained
in a manner which is described in the next section.

Input -Output Relation

Assume a one-dimensional space-fixed turbulence velocity field, and assume that,
for the vertical component, the velocity varies randomly in the direction of flight and is
invariant in the spanwise direction. Assume further that the airplane is small enough to
be a point transversing the field. The response An is then related to the input gust
velocity Wg through the input-output relation (ref. 3)

w 2
Bpp@) = @wg@)lHAi(w)‘ (11

where &, (w) is the power spectrum of the vertical component of the turbulence and
- g

W
H Ag(w) is the frequency-response function of a particular airplane, that is, the steady-
state response to a unit sinusoidal input of frequency w.

Input spectrum.- The spectirum for isotropic homogeneous turbulence has been
derived on a theoretical basis by Von Kdrmadn (ref. 9) for the wavelength range of interest
in airplane response calculations. Verification of the validity of this spectrum shape has
been obtained from experimental evidence for various meteorological conditions. At

present, measurements indicate that the spectrum is well represented by the equation

suggested in reference 3 where the vertical component is given by
2 2
Lo 8 ( L‘ﬁ)

<I>Wg<L_w> __ Vg +3\L99%

U) " v |: Lo\2[T7 (12)
1+ (1.339—11—)]




and where L is the integral gust scale defined to be the integral of the autocorrelation
function

L=

2 e}

S. R(7) d7 (13)
0y 20
W

g
Frequency-response function.- The particular form that the frequency-response

function takes depends on which response quantity is desired and on the mathematical
representation of the airplane. The motion of the airplane consists of rigid-body plunge
and pitch in the longitudinal mode and of sideslip and yaw in the lateral mode. The usual
two-degree-of -freedom control -fixed rigid-body stability-analysis equations are used for
the short-period motion with gust-induced forces and moments added. However, the
equations for the lateral mode differ from the usual concepts employed in stability
analyses in that roll motion is constrained. Further discussion of this is given in

appendix A.

The aerodynamic forces arising from the airplane motion are treated quasistatically
with no consideration given to unsteady flow effects other than the use of Cpg. The gust
forces are treated quasistatically in the sense that lag in gust and the associated down-
wash from the wing to tail is not accounted for. However, the attenuation of the gust-
force amplitude with increasing frequency is approximated by an unsteady lift function.

An unsteady lift function designed to be applicable to finite span wings in compressible
flow is discussed in appendix B. The function employed is

|60 |? = e 72K (14)

where 2 characterizes the given planform and flow conditions. Static elastic deforma-
tion can be included in determining the aerodynamic forces through modification of the
stability derivatives.

Frequency-response functions for the normal-load factor, pitch acceleration,
lateral-load factor, and yaw angle have been derived in detail in appendix A. The deriva-
tion of the formulas for —A—An and NO(An) is outlined here to develop an expression
which defines the response integrals.

Response Parameters A An and NO(An)

From appendix A, the normal-load-factor frequency response is written in terms
w

of the frequency ratio f = )

(15)

v 2g¥g B -, (1 - l)é
HAE(B)z gy = )

o 1-p8
10

———— ey T TTRERTE R TIRTY TRARN O T [T 1 1



where (¢, is the short-period damping ratio, y, isa dimensionless damping force,

and ¢(w0 aE) is an unsteady lift function.

The input power spectrum, equation (12), can be rewritten in terms of a relative-

2L €Wy
gust-gcale parameter s = = and the reduced frequency koa =30

as

Skoacwgz |:1 + %(1.33951{0&5)2]

1w, [:1 N (1.33951{00[3):{'11/6 (16)

i’wg (Skoag) =

Upon substitution of equations (15) and (16) into equation (11), there results a for-
mula for the output power spectrum

—aknB=2|= 2 a
i, K80 0, 4T Y
owgz g2y 2 7 [(1 - 52) + 4@23][ (1.339skg B)J11/6

Equation (17) is then substituted in equations (5) and (6) and then into equations (2) and (3)
to obtain Ap, and Ng(An) in the following form

%o Sko g Ble “3ko,, [ é33gsk0 B)]

(17)

Apn = gVQ [1 ) 32 +ag, B_][ 1 3395k B)]llT dB
2,0, 1/2
. 4Ca2<1 i ’}’L>2 skg j [+— 1. 339sk0 B):] ; "
T [(1 -BZ) +4€’a232]E+ 1.339skoaB)2:l11/6

and
No(an) = Cafoaz = r BGe_EkOQBE + (13395 ) ] _

8% TAA ROy 0 [(1 S22, 4§aZB:HE N 1_3395k0 ‘lll/s

1/2

4e—§k0aﬁl:1 +8(1. 3395k0 B :'

[(1 2%+ 4t 23‘_[[ 1. 3395k0a )JII/G ¥

skg o
s 4¢a2<1 LY e X (19)

11



Note that A Ap and NO(An) are functions of integrals in the form of
g B f(B,akO 8K ,C) dg = R] and are designated as "response integrals,' one for each

value of j. In terms of the response integrals, equations (18) and (19) may be rewritten
in shortened form as '

5 %4700 2f  1)\2
Aan= gy \[Ra+4a <1-E> R, (20)
and
2
wp Rg + 4§a2< - 5/1;> Ry
No(an) = £ 5 1)

2
R4 + 43;(1 < - '}’_> Ry
Q
where R]. are response integrals, defined as
_. -3kgB _ :l
0 8 2
Ble [1 +3 (1.339sk03>

- X
b 0 [(1 - [32> + 4§232:H:1 +{1. 339sk03) ]11/6

As the integrals contain the dimensionless arguments §, skgq, and 'iko, it is practical
to prepare charts of these integrals covering a suitable range of the parameters which
will facilitate the calculation of A and Np- An advantage gained by this form of pre-
sentation is that four composite charts suffice for the entire calculation for most appli-
cations. (The charts are discussed in detail in the next section.) Formulas for A and

Nj for other response quantities are given in table I. All of the formulas, both lateral

_ skO

dB (=0,2,4,6) (22)

and longitudinal, contain the same response integrals.

PARAMETRIC CHARTS

Evaluation of the response integrals constitute the major numerical effort in gust-
response calculations. However, as stated previously, the calculations can be shortened
through the use of prepared charts of the integrals as given herein. This section contains
a description of the evaluation procedure and scope, discussion of the charts, use of the

charts, and example applications.

12



Evaluation Procedure and Scope

A set of charts has been constructed from a tabulation of the integrals evaluated for
the following ranges of the arguments

0.004 =8k = 0.4
1 = skg = 1000
0.005 =£ = 0.5

The ranges of parameters are chosen to cover airplanes in the small rigid category.

Numerical integration was employed throughout. The upper limit of integration
which is given as infinity in equation (22) is actually a finite frequency ratio B chosen
large enough so that the integral R4 effectively converged. A check on convergence
was made by arbitrarily continuing the integration to a very large upper limit and com-
paring the results. The integrals Rp, Rg, and Ry converge rapidly so that the very
high frequency components contribute little. However, Rg, which enters only into the
calculation for Ng(An), converges slowly and therefore can become unrealistically
unbounded. The numerical integration for Rg was arbitrarily stopped at the frequency
ratio where R4 (important in A An) converged. This procedure follows the suggestion
given in reference 10.

Discussion of Charts

The results are presented in figures 1 to 4, where the values of the response inte-
grals are shown plotted against skg and where §k0 and € are parameters. The
behavior of the integrals Rg and Ry is such that a two-order-of-magnitude range,
reasonably dense set of values of § and %k can be conveniently presented without
overlapping curves. This presentation permits visual interpolation instead of graphical
cross plotting for intermediate values. The same clarity is achieved for Rg (fig. 4)
by omitting some values of €.

Use of Charts

In this section, the steps for calculating a numerical value for A and Ng for the
normal -load -factor response to vertical gust and the yaw-angle response to lateral gusts
will be described. The geometric and inertial properties of the airplane, its nondimen-
sional stability derivatives, and the flight conditions must be available. With these data,
the longitudinal and lateral stability characteristics, thatis, kj, £, v, and mass
parameter, k, are computed by utilizing the formulas given in table II.

13



These parameters, together with the relative-gust-scale parameter s = 2L

(mentioned previously) and the unsteady lift-force attenuation factor 2, descr1bgd in
appendix B, are used to obtain numerical values for the response integrals R, from
figures 1 to 4. The gust scale s will depend on the value of L employed. An L of
762 meters (2500 ft) has been recommended for altitudes above 762 meters. Reasonably
accurate values of the response integrals may be taken (by interpolation) from the charts
for values of skg, &, and 51{0 not given. The interpolation, which must be logarithmic,
is accomplished by utilizing a transparent log scale (a strip cut from log graph paper).

It is not deemed necessary that auxiliary cross plots be constructed. Experience has
shown that it is best to interpolate for a specific value of §ko, then interpolate for the
value of €.

Application of the foregoing procedure is illustated by the following sample calcu-
lations based on the airplane characteristics listed in table III. The intermediate steps
involved in computing the force coefficients will be omitted.

Normal-load factor.- From the data in table I and the equations in table II, the
longitudinal stability characteristics are calculated to be kO = 0.035, {4 =0.29,

Yy = 2.25, and sko = 20.8. Values for the response 1ntegrals R9 and Ry are taken
from figures 2 and 3 by interpolating between €, = 0.20 and 0.50 and are Rg = 0.155
and Ry = 0.185, respectively. The value of KAn’ from equation (20), is then found to
be 0.024 g/m/sec.

A design-normal-load factor corresponding to some multiple 7y of a specified

root-mean-square gust velocity ng would then be the product of A An and N%w

g
(eq. (4)). In this case, if nd(rwg = 30.48 m/sec (100 ft/sec), the design load factor would
be 2.4g.

The number of positive-slope zero crossings is similarly calculated from equa-
tion (21) by using a value of Rg = 1.0 from figure 4. The value of NO(An) is
2.4 crossings per second.

Yaw-angle responge. - One of the problems associated with the response of small
rigid airplanes to atmospheric turbulence has been the lateral-directional response to
side gusts. In this case, the gust forces may not give rise to an overload directly, but
rather may initiate Dutch roll response of such a magnitude as to interfere with the main-
tenance of a proper heading. Discussions of this type of problem may be found in refer-

ences 11 and 12.

The response integrals provide a means whereby the lateral-motion response for an
airplane with given stability characteristics may be qualitatively evaluated. Results from
some numerical computations are given. Figure 5 is a plot of Xz[// Vg (where values

14
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of A were determined by use of the charts) against the damping ratio ¢ B where Yg
is used as a nondimensionalizing factor. The yaw response at zero frequency Vg is
given by (see appendix A)

2
g
=1]428 1) .
ws-ﬁ‘ly—ﬁ(l'yﬁ) ! )

Thus the ratio K,_p /11/5 can be interpreted as a gust-amplification factor. Figure 5 is
instructive in that the value of the damping ratio ¢ 3 and the frequency wOB which

result in a gust-amplification factor in excess of some arbitrary value, say 1.1, can be
determined. The gust-response factor increases rapidly for damping-ratio values less
than 0.3 and very rapidly for values less than 0.1, thereby suggesting that such an airplane
might be difficult to handle in turbulence. This result is in substantial agreement with
the conclusion expressed in reference 11.

The data, shown in figure 5, were obtained by arbitrarily varying ¢ 8 and wOB
for given values of Cy,, U, S, m, b, Iz, and c. Therefore, some combinations of
CB and wg, may not be physically attainable. Nevertheless, figure 5 is included as an
illustration of the applicability of the response integrals.

SENSITIVITY OF A TO STABILITY-DERIVATIVE VARIATIONS

The method proposed for estimating the gust-response factor A has as its basis,
the short-period or Dutch roll stability parameters €, wg, and 7y. These parameters
are derived from the static and dynamic stability derivatives. The determination of the
stability derivatives, whether theoretical or empirical, contains many simplifying
assumptions which may adversely affect their accuracy. A study was made to ascertain
the sensitivity of the normal-load-factor response parameter A An 252 function of a
percentage difference in one of the stability derivatives referenced to the value of AAn
based on a nominal value of the stability derivative. In figure 6, a percentage difference

— AA
in A, that is, Y An 100, is shown as the ordinate plé)tted against a percentage differ-
An ACY,
ence in one of the stability derivatives; for example c % % 100 along the abscissa.
L
o

Because of the complexity of the function XAn’ the curves were constructed from
a numerical rather than an analytical evaluation of these error expressions.

The percentage difference in KAn is shown in figure 6 to be almost directly
related to a percentage difference in CLoz' This, accurate gust-response calculations
require an accurate value of CLa’ Otherwise, the influence of Cmoz and the dynamic

15



derivatives Cm, and Cmy is markedly less. Of these derivatives, Cmq has the
largest effect. However, it is seen in figure 6 that an error of +100 percent in the deriv-
ative Cmq would result in less than a 20-percent error in Apy.

Two additional numerical studies were conducted: (1) calculations similar to the
preceding for lateral -response factors and (2) the effect of the nonlinear relationship of
KAn with the stability derivatives. The latter study was made by choosing various
values for the nominal values of CLoz’ Cma’ and so forth. These values were repre-
sentative of a wide range of airplane sizes. In both studies, the results are essentially
the same as those shown in figure 6.

CONCLUDING REMARKS

A simplified procedure for estimating two statistical parameters, K, the ratio of
the root-mean-square response to the root-mean-square input, and Ng, the expected
number of positive-slope zero crossings per unit time, is derived herein for the response
of a small rigid airplane excited by independently applied vertical and lateral components
of random atmospheric turbulence. Formulas are given for the normal-load factor, pitch
rate and acceleration, lateral-load factor, and yaw angle and rate. The formulas in each
case are based on dynamic systems which can be described by two rigid-body degrees of

freedom.

When employing the formulas for making response estimates, the following limita-
tions should be kept in mind:

(1) Tail lag is omitted from the gust forces.

(2) Roll motion is omitted from the lateral response.

(3) Elastic body dynamics are suppressed.
It is reasonable to expect, however, that response estimates thus made will not be in

error by more than 10 percent.

The formulas given depend on generalized integral functions referred to as
"response integrals''. These integrals have as arguments, the damping ratio, a gust-to-
airplane scale parameter, an unsteady lift-function attenuation factor, and the undamped
reduced frequency. The parameters are associated with either the short-period or
Dutch roll mode. The relative gust scale and the unsteady litt-function attenuation factor
occur only in combination with the reduced frequency; thereby the number of independent
parameters in the integrals number three. The integrals are evaluated over ranges

16
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representative of small rigid airplanes and are presented in the form of parametric
charts. Because of the nature of the graphical representation, interpolation between
values is practical, thus facilitating the response calculations.

Langley Research Center,
National Aeronautics and Space Administration,
Hampton, Va., May 11, 1971.
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APPENDIX A
DERIVATION OF RESPONSE FORMULAS

The frequency-response functions required by the input-output relations, equa-
tion (11), are obtained by solving the equations of motion of the airplane for independently
applied vertical gust forces. The gust forces result from flight of the airplane through a
one-dimensional gust field (ref. 3). The equations of motion, taken from references 13
and 14, are based on the assumptions commonly made in stability analyses of rigid air-
planes. In stability analyses, the airplane's motion is described by six coordinates, three
translations, and three rotations referenced to the stability axes shown in figure 7. If a
plane of symmetry is assumed to exist, the terms that couple longitudinal and lateral
motion can be neglected and for linearized equations, the six-degree-of -freedom system
is separated into two groups, the longitudinal and the lateral. Consequently, each system
can be analyzed separately as a two- or three-degree-of -freedom system.

Longitudinal Motion

The three degrees of freedom comprising the longitudinal motion are vertical trans-
lation (plunge), pitch rotation, and horizontal translation in the direction of flight. Pertur-
bations in horizontal translation have been shown to have little effect on the short-period
response; therefore, the longitudinal case will be treated herein as a two-degree-of -
freedom system. These equations, as given in reference 14, are

jw - ZW -iwU w ZW
= ¢(@) Wy (A1)
-iwMy, - My, ~w? - iwMg| |6 M,,
where
_ -pUS
Ly = 2m ~La
_2
Sc
- C
MW 4IYY md
USe
MW = Cm
Ayy ¢
_2
My = £ Cng
vy
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APPENDIX A — Continued

In the gust forces on the right-hand side of equation (A1), the unsteady lift function ¢(w)
represents the manner in which both the aerodynamic forces and moments are assumed
to vary with the frequency of the gust input velocity. Note that the flight path is assumed
to be approximately horizontal so that the plunging velocity w and the vertical-gust-
velocity component Wg may be taken to be collinear. A discussion of a suitable choice
of ¢(w) is given in appendix B.

The frequency-response function for w or 6 is obtained in the usual manner by
solving equation (A1) for a unit gust velocity w_,. Then

g
w2 - iwM, iwU Zw\, ()
w iwMy, + MW iw - 2| | My
= ' (A2)
] 1w|: w2 - 1w<Mq + Ly + UMW) ( wMq - UMW)]
The frequency-response functions are then
We [(—wz - 1wM Z + m)UMw]qb w)
Hy, (w)=.—~r2 (A3)
1w[-w -iw (M + Z + UMW) ( M, - UMW):]
and
Hp 8(©) = [(le‘” My + (i - ]¢(w) (A4)

iwl:_ w? 1o Mq + oy + UMy + (szq - UMW)]

Equations (A3) and (A4) can be simplified and put into another form if the following nota-
tion is employed

2§awoa = (Mq + Z + UM )
M + Zy, + UMy,
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APPENDIX A — Continued

Equations (A3) and (A4) are now

_<zc of | 1)
iy E(E) - 1- ;a + 1208 ¢(w°aé) (A5)
4]
Hgg(5)= % 17/0_[ B2 4+ :;CGB ¢(w°a E) (48)

A response parameter of major interest is the vertical acceleration Z. Since the sta-
bility axes are rotating, the absolute acceleration is given by 1w(w UG) The vertical-
acceleration frequency response is the sum of the frequency responses H g(B) and

H g(ﬁ) The resulting expression divided by g gives the normal-load-factor frequency-
response function

_2 . 1 —
2 - i2 L
ng(g): fa0, e CO’( Va)B ¢(w0 é) (AT)
An 8%y 1-p% +i2¢,B a

Equation (11) requires the square of the absolute value of the frequency-response function

(A8)

The squares of the absolute values of the frequency-response functions of ¢ =iwé and

q= -w29 are similarly

(A9)
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APPENDIX A — Continued

and

ol [0 -]
'H::g(E)’z _ Ou Yo Yo

vz (. 52)2 + ag 232

2

(A10)

oo
2 Akop

The frequency-response functions (A8), (A9), or (A10), with ,d) wg B =e
(see appendix B), together with the input spectrum, equation (12), are substituted into
equations (11), (5), and (3) to obtain

-3kg B_o| _ 2 2

28wy |skg (e o2 p%+ac 2(1- 1) (14 8013305k, B
_ a0, 0, o Yoy 3 Ow _
App = & ~ S R dj (A11)

o T11/6
0 [(1 - 52)2 + 4@0[252][1 + (1.33951«:00[5)2:\

1/2

2 1/2
S -akq B2 8 -\2
wq 4—3—(1 - ?1—> - 1] isk, °0 e a go1 4+ §(1'3398k0 B):l
A = . o o o o o L ) o 1 dE
a v T Jo 22 222 _\ gJt1/6
(-7 s ac 282 ||1 - (1.3395koa[3) }
(A12)
- 1/2
2 ~ .
¢ -ako B_ _ 9
wy 2la22 (10 1) 4] |sk 00 e % A1+ 8013395k B)
A. = OOl yoz 'yOt Oa 3 OOl dé
q - - B T T T } -
U T 0 (1 _6_2)2 . 4@ 262 ) (1 A2 11/6
_ o + .339sk0013)
(A13)

Values of the response parameters A could be calculated for given values of the
airplane characteristics 2, kg, €,and y and the relative-gust-scale parameter s
by evaluating the infinite integral. It was found advantageous, however, to reduce the
integrands to functions of the three parameters 3k, skg, and {. Equation (A11)
becomes
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APPENDIX A — Continued

-3kn B _
- 2o, | [ Fhe ™ OaBE +§(1.339sk0aﬁ)2:] i
= U S R - . d
An g’ya T 0 9 2 92 2 11/6 B
(-8 +ae 2|1+ (1.33gskoaﬁ>
_ 1/2
o Sky [ gze'akoaﬁ[l + §.<1.339sk0 E)z]
4t 2/ _ 1 a [ SO - 2% I a3
T % ?’a) m 11/6

0 [(1 - 32>2 a4t azéz:i [1 ¥ (1.3395k0a5>2:|

The integrands are referred to as response integrals and are of the general form

- = dp G =0,2,4,6)

i q11/6
0 [(1 - BZ)Z + 4@252:[1 + (1.339sk03)2]

The formulas for the parameters A are then given in terms of the response

Rj=1r

~ 3 2
) =j -akoB 8 - :I
skO &\ Be 1+ 3'(1.339.sk06>

integrals as follows:

2§aw0 ) 1 \2 1/2
e (83
AAn = ——g—@—l}{ll + 4§(Y (1 - 3;) RZ:l (A14)
A - 2lgle [{_1)_ 1/2
Aq T U l: Yo < ya> J(RZ) (A15)
wq 2 ¢ 2 ) v
A.-_ @ (4 ({_L1Y_ 2
T ks < 7a> 1|(Ry) (A16)

Lateral Motion

In order to facilitate estimates of the lateral response, it is desirable that the
number of parameters be held to a minimum. Consequently, a study was made to deter-
mine under what conditions the three-degree-of -freedom lateral motion of a rigid fixed-
control -surface airplane (i.e., yaw, roll, and sideslip) could be represented as a two-
degree-of freedom system (yaw and sideslip). Previous work, notably references 15
to 17, indicate that this simplification is possible. The assumptions that are made in
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APPENDIX A - Continued

reference 17 are that the airplane roll motion is minimized by the pilot, the vertical-tail
loads were due to side gusts only, and the pilot had little effect on loads. It is stated in
reference 17 that flight records indicated that very small roll angles resulted from gusts,
thus lending support to the first assumption. In reference 13, it is suggested that the side
force due to yawing velocity can be neglected for most configurations. Therefore, the
following assumptions are made herein:

(1) Airplane does not roll.
(2) Lateral response is due to side gust only.
(3) Side force due to yawing velocity is negligible.

Assumptions (1) and (3) were tested by a comparison of the response calculated for a
representative small-transport configuration. These calculations were based on a three-
degree-of freedom model, a two-degree-of-freedom model, and the two-degree-of -
freedom model with yaw side force omitted. An indication of the generality of assump-
tions (1) and (3) was further obtained by varying the ratios of inertial and aerodynamic
yaw -roll coupling terms. These studies confirmed the validity of assumptions (1) and (3)
for the small-transport design. Assumption (2) is made solely on the basis of the work
of reference 16.

On the basis of the three-degree-of -freedom studies discussed previously, lateral-
response equations are derived for a two-degree-of -freedom model consisting of yaw and
sideslip. In these equations, roll response and the side load due to yawing are neglected.
In matrix form, the equations of motion are

iw - Yy iwU v(w) Yy
= T (w) Vg (A1T)
N, ~w2 - N, | | () &\
where
_ pUS
Yy 2m CYB
_ pUSb
Ny = 21, CnB
and
N. - PUSbZ
r™ 4, -np
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APPENDIX A — Continued

In equation (A17), the function ¥ (w) represents the unsteady lift force and moment
variation with the frequency of the gust-velocity component Vg(w) of the lateral one-
dimensional gust field. The gust-velocity component Vg(w) is, as in the longitudinal
case, assumed to be collinear with sideslip velocity v.

Solutions for the variables v(w) and Y(w) are obtained from equation (A17) by
assuming a unit gust velocity vg(w). Thus

~w? - jwNy -iwU -Y
V(@) N iw - Y, | | -N
- = 2" " v S (@), (A18)
ll/((U) 1w Ew - lw(Nr + Yv> + (NrYV + IJNV)]

The frequency-response functions are then

H,8() = [(-02 - 10 (o) + toom fr @) (A19)
T w[? e+ Yy) ¢ (N Yy s UNG]
Hyf (@) = [N Y - (i@ - N (e (A20)

iw[-w2 - 1Ny + Yy) + (Np Yy + UNy) ]

These equations can be simplified in 2 manner similar to the treatment of the longi-
tudinal responses. The following notation is employed
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APPENDIX A — Concluded

Equations (A19) and (A20) become

(1 + 12-5 B>
Hy8(3) = % Ly

3 A21
1- B2 +i2¢8 (wOBB) “2n
2h-2)-
4 - )-1
va(ﬁ) 1 7’B_< 7’B> ¥fw, B) (A22)
v U 1-32+i2¢08 8

The absolute lateral acceleration y as seen by an accelerometer mounted at the
airplane center of gravity is given by

§=v+ U= inBé(v + pr)

Then

(A23)

2530 [3 +1zc3< );ﬂ ( ;

"y/ g(B) " e 1- B2 +12¢ g8

- -gkn B
With I'I’(wOBB)'z - e OBB (appendix B), the square of the absolute value of equa-
tion (A23) is

2
2 2|4 of,  1\2:2 _
i5.(7) |2 Te 20, Eg 57 75) BJ ~3kog P
Hy/e\B) | = —35 ) e
y/g g%7g l:(l ) Ez) . 4@3252]

Because the lateral-response equations have the same form as the longitudinal

equations, the formulas for the root-mean square lateral response can be written
analogously as

/g~ Aan

~A9

AR

2
>1
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APPENDIX B
SUGGESTED APPROXIMATION FOR UNSTEADY LIFT FUNCTION

The aerodynamic forces and moments resulting from the motion of the airplane
are based on the quasisteady approximation in which, in effect, the forces correspond
to steady angles of attack and to constant velocities. This approximation is possible
because the short-period and Dutch roll motion is slow in time (low frequency). Other-
wise, the incident gust-velocity time function contains high-frequency components
(rapidly changing) that are inadequately described by the quasisteady approximation.
Another function, generally referred to as the unsteady lift function, is therefore
employed to describe the manner, in the frequency domain, in which the gust forces vary
with frequency. Different functions have been devised to approximate the unsteady lift.
In reference 2, the function suggested in reference 18 for incompressible two-dimensional

aerodynamics was used. Thus,

06 |2 = 2 =1 - 2mc + @7k)® - (B1)

In an effort to obtain an improved approximation useful for finite span wings (three-
dimensional aerodynamics) in compressible flow, the unsteady lift as a function of
reduced frequency k was calculated for various planforms and Mach numbers. The
kernel function method described in reference 19 was used. The results of the numerical
analysis together with additional data taken from reference 20 are shown in figures 8
and 9. It is apparent from figure 8 that the functions when plotted on semilog paper are
nearly straight lines. This suggests that the data might be fitted to an exponential

function

2,2

o) 2= e B o1 e BRE (B2)

The coefficient a is arrived at from the semilog plots of |<i>(1<)|2 against k such as
figure 8. First, a best fit straight line is drawn through the curve and the value of [tjb(k)|2
for k=1 isnoted. Then from a table of exponential functions, a value for a 1is found
which corresponds to ]¢(1) lz. It is recognized that the straight line chosen in this
manner is somewhat arbitrary, but it was not considered necessary to go to a curve-
fitting routine. The values of & thus derived are given in table IV. A comparison
between |¢(k)] 2_ e 2K ang , d)(k), 2_ ﬁlzﬁ as an approximation to the calculated
unsteady lift function is shown in figure 8. The calculated results are more closely
matched by the exponential than by the function |¢(k) | 2 _1_71777?’ particularly in the

interval 0 <k <0.5.
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APPENDIX B — Continued

A method of computing the unsteady aerodynamic forces and moments due to
sinusoidal lateral gusts impinging on the fuselage-fin combination is presented in ref-
erence 16. The method is based on slender-body theory given in reference 21 which
presents an expression for the normal force per unit streamwise length of a flat plate
of increasing area but high fineness ratio. Equations for the side force and yawing-
moment coefficients due to a lateral gust are

2 2
2s ik Sy -8 -ik -ik
_ 27 0 _ . 1Kq 1 0 1 s . 2
CYB(w) =3 ——koz 1 (1 - 1k0>e + <——k2 TRy e (1 iky + 1k2)e (B3)

2 .
2x 8 ik
_27 070 o, 2 : 0 :
CnB(w = -S—,B - ——g— szo - lko + Zl)e - 21]
ko

2 : .
. (x - x2>(sl - o) F(zkz “ky - 2i - ikyky + ik22>e_lk2 -(ky - 2i>e'1k{|

RN

wX.
(kn =5 n= 0,1,2> (B4)

The parameters contained in equations (B3) and (B4) are defined by the following
sketch

o R

.

These equations were evaluated for two airplane configurations. The results are pre-
sented in figure 10 as the square of the magnitude of the unsteady normal-force function
plotted against the reduced frequency k. The reduced parameter k, in equation (B3)
and (B4) are related to k as

-2

27



APPENDIX B — Concluded

The results given are consequently a function of the particular configuration. Curves
could be presented for a wide range of values of Xy, sg,and si; however, the accuracy
of the approach is not considered sufficient to warrant such a refinement.

For the airplane configuration studied, assumed representative of the class consid-
ered herein, the unsteady lift functions for both the wing and fuselage-fin combination
exhibit similar behavior and are therefore both approximated by the exponential function.
Values of 2 for the vertical case can be chosen by using table IV as a guide; however,
for the lateral case an appropriate value would be between 0.8 and 1.2. Since the fac- -
tor & occurs in the response integrals only in combination with kO’ the product @k
is treated as a single parameter in the charts (figs. 1 to 4). Response calculations can
be made to include corrections for planform and Mach number by utilizing the suitably
shaped exponential to represent the unsteady lift function. The attenuation factors 2
given are based on subsonic flow. If computation of the gust response of an airplane
flying supersonically is desired, appropriate values for & would have to be obtained.
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TABLE I.- RESPONSE FORMULAS

Response Quantity A NO
2¢ @ o, [rg+at 2(1-L)R
— a0 / 9 1\2 0, 6 a Vo 4
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w 2 ] w
0., R
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TABLE II.- FORMULAS FOR STABILITY CHARACTERISTICS




TABLE III.- AIRPLANE CHARACTERISTICS AND FLIGHT CONDITIONS

USED IN SAMPLE CALCULATIONS

P, ke/m3 . e

.................................

.................................

.................................

.................................

.................................

.................................

.................................

--------------------------------

2.0
0.8

5.17
-1.03
-3.2
-6.8
-0.792
0.117
-0.140

13.6
762
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TABLE IV.- ATTENUATION FACTORS

~

a

NN 00 300 350 450 AR
0.2 ~0.96 21.05 | --e- 4.00
i ~1.28 e- 155 | -ee- 6.00
~1.40 2210 | —-mo 9.43

4 ~0.96 -1.00 1.00 | --e- 4.00

l -1.28 -1.35 135 | —eeo 6.00
~1.44 I - 9.43

9 ~1.40 ———- — _— 4.00

l -2.06 ~2.06 2.06 | ---- 6.00
-2.90 - 2.1 9.43
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